Abstract. On each nonorientable surface of odd genus g ě 5, we give a mapping class whose dilatation on an invariant subsurface is the golden ratio.
Introduction
In 1970's, Thurston classified the mapping class group of a surface into periodic, pseudoAnosov, and reducible [Thu88] . The same content from a somewhat different point of view can be found in [CB88] . In this paper, we adopt the Penner's approach [Pen88, Pen91] . Penner made use of bigon tracks, a slight generalization of train track. Nice example of bigon tracks can be found in [LS18a] . Our paper is based on Liechti-Strenner's pseudoAnosov diffeomorphisms on nonorientable surfaces [LS18b] .
Let Σ g be a surface of finite type. A homeomorphism h of Σ g is called pseudo-Anosov if there is a pair of transversely measured foliations F u and F s in Σ g and a real number λ ą 1 such that hpF u q " λF u and hpF s q " 1{λF s [Thu88, CB88] . The number λ is called the dilatation of h and the logarithm of λ is called the topological entropy.
A mapping class Φ on Σ g is reducible if there is a family of essential disjoint simple closed nonboundary-or puncture-parallel curves C and a representative h of Φ with hpCq " C. In case S is a (not necessarily connected) h-component of Σ g´C , h| S is either periodic or pseudo-Anosov [Thu88, Theorem 4]. The main purpose of the paper is to give a reducible mapping class on each nonorientable surface of odd genus g ě 5 such that the dilatation on an invariant subsurface is the golden ratio. Our main theorem is stated in Theorem 1.1 Theorem 1.1. Let k ě 3 be an odd natural number. On the Liechti-Strenner surface Σ 2k,k of genus k`2, the mapping class Φ k " r˝T c 1˝r k´1 has an invariant subsurface such that the dilatation on the invariant subsurface is the golden ratio.
Note that the invariant subsurface is a punctured torus and the restriction of the map to the subsurface is an orientation-reversing mapping class, namely the one given by the matrix " 0 1 1 1  on the torus (This is actually the orientation-reversing Anosov mapping class with the smallest dilatation on the torus). Note also that one could of course realize the golden ratio as the dilatation of a reducible mapping class of any nonorientable surface of genus g at least 3 by just gluing the appropriate number of copies of real projective planes along the boundary of the punctured torus and extending by the identity. But this approach doesn't seem to reveal some kind of nice symmetries and full dynamics. The proof of Theorem 1.1 is given in Section 4. The proof for Σ 6,3 and the proof for Σ 2k,k are the essentially the same. We give the proof of Σ 6,3 as a warming up.
Liechti-Strenner construction of nonorientable surfaces
We will briefly introduce the Liechti-Strenner's method of constructing the nonorientable surface Σ 2k,k of genus g " k`2.
2.1. The graph G 2k,k . Let k ě 3 be an odd natural number. Let G 2k,k be the graph whose vertices are the vertices of a regular 2k-gon and every vertex v is connected to the k vertices that are the farthest away from v in the cyclic order of the vertices. Figure 1 shows the graph G 6,3 .
2.2. The surface Σ 2k,k . For each G 2k,k , Liechti and Strenner constructed an nonorientable surface Σ 2k,k that contains a collection of curves with intersection graph G 2k,k [LS18b, Subsection 2.2]. To construct Σ 2k,k , start with a disk with one crosscap. Next, we consider 4k disjoint intervals on the boundary of the disk and label the intervals with integers from 1 to 2k so that each label is used exactly twice. In the cyclic order, the labels are 1, s, 2, s`1, ..., 2k, s`2k where s " 3k`3 2 and all labels are understood modulo 2k. For each label, the corresponding two intervals are connected by a twisted strip. Figure 2 shows the surface Σ 6,3 . Lemma 2.1. [LS18b, Proposition 2.3] The surface Σ 2k,k is homeomorphic to the nonorientable surface of genus k`2 with k boundary components.
2.3. The curves. Liechti and Strenner constructed a two-sided curve c i for each label i " 1, . . . , 2k as follows. Each curve consists of two parts. One part of each curve is the core of the strip corresponding to the label. The other part is an arc inside the disk that passes through the crosscap and connects the corresponding two intervals. The curve c 1 is shown in Figure 2 . We choose markings for the c i which are invariant under the rotational symmetry See Figure 3 .
Note that every pair of curves intersects either once or not at all. The curves c i and c j are disjoint if and only if the two i labels and the two j labels link in the cyclic order. In other words, if the two i labels separate the two j labels. 
The mapping classes
Denote by r the rotation of Σ 2k,k by one click in the clockwise direction. Denote by T c 1 the right-handed Dehn twist about the curve c 1 . Define the mapping class
k´1 .
According to Penner [Pen88, Theorem 3.1, Theorem 4.1] and Liechti and Strenner [LS18b, Proposition 2.6], we can construct a bigon track on Σ 2k,k with filling curves c i , i " 1, . . . , 2k. Each c i defines a characteristic measure µ i on this bigon track, defined by assigning 1 to the branches traversed by c i and zero to the rest. Let H denote the cone generated by the measures µ i in the cone of measures on the bigon track. Let C k be C k " tc i |i " 1, . . . , 2ku and S k be the semigroup with presentation
Theorem 3.1. [Pen88, Theorem 3.4] The action of S k pC k q on H admits a faithful representation as a semigroup of invertible (over Z) positive matrices.
proof of Theorem 1.1
Note that each c i corresponds to T c 1 and the action of c 1 on H in the basis µ i is given by I 2k`A where I 2k is the 2kˆ2k-identity matrix, and A " " a ij ‰ with a ij " 0 if i ‰ 1, and a 1j " cardpc 1 X c j q. The rotation r acts by a permutation matrix. M 3 can be partitioned into four submatrices. The partitioned matrix can be written as "
where M 11 is the 4ˆ4 matrix, 0 is the 4ˆ2 matrix, M 21 is the 2ˆ4 matrix, and M 22 is the 2ˆ2 matrix.
The characteristic polynomial of M 3 is detpxI´M 3 q " det
Hence, the golden ratio which is
and which is a root of x 2´x´1 , is an eigenvalue of M 22 and hence an eigenvalue of M 3 . Note that the subsurface generated by c 3 and c 6 is invariant under the mapping class Φ 3 . The invariant subsurface is enclosed by the blue violet curve which is simple in Figure 4 . On that surface, the dilatation is the golden ratio.
4.2. proof of the Theorem 1.1 on Σ 2k,k . On Σ 2k,k , r k´1 sends pc k , c 2k q to pc 1 , c k`1 q. By applying T c 1 to c i 's, all c i 's which intersect c 1 " r k´1 pc k q wrap around not only c i but also c 1 . In particular, c k`1 wraps around not only c k`1 but also c 1 . Now, r sends pc 1 , c k`1 q to pc 2k , c k q. Hence, Φ k is represented by where M 11 is the 2pk´1qˆ2pk´1q matrix, 0 is the 2pk´1qˆ2 matrix, M 21 is the 2ˆ2pk´1q matrix, and M 22 is the 2ˆ2 matrix. Hence, the golden ratio which is 1`?5 2
and which is a root of x 2´x´1 , is an eigenvalue of M 22 and hence an eigenvalue of M k . Note that the subsurface generated by c k and c 2k is invariant under the mapping class Φ k . On that surface, the dilatation is the golden ratio.
